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This paper presents a useful alternative to the classical complementary varia- 
tional principles associated with the equation A+ = f, where A is a bounded 
linear operator. 
1. INTRODUCTION 
Let H be a real Hilbert space of vector valued functions defined on some 
compact connected subset V of En with a smooth boundary aF’. The inner 
product on His denoted by ( , ). Let A: H -+ H be a linear operator which 
is positive definite and self-adjoint on D C H, so that 
(+,A+) > 0, for all C$ E D, 4 # 0, 
(6 4) = (4, #>, for all 4, I+G E D. 
(1.1) 
(1.2) 
Then we consider the linear boundary value problem 
A+ =f in l’, U-3) 
C$ = 0 on al;, U-4) 
where f is some known function and (1.4) represents a typical kind of bound- 
ary condition. 
2. VARIATIONAL PRINCIPLES 
The classical complementary variational principles associated with (1.3) 
and (1.4) are given by [see, 11 
Kf, @> - (@, A@) 
(2.1) 
< <f,d> < Xf, 3 - V’, AY) + <f - AY,Q-Yf - AW> 
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where 4 is the solution of (1.3) and (1.4), 0 and Y are approximations to + 
satisfying (1.4), and it is assumed that A can be decomposed into the form 
A = T*T+Q, Q > 0. (2.2) 
These complementary principles can be improved if the operator A is 
bounded. Thus suppose there exist positive numbers As and CL,, such that 
U@, @> < 9, A@> G P&Q, @>, 
for all @ in the domain D of A. Now consider the functional 
S(Q) = Vf, @> - <@, A@> + (l/v> (f - A@, f - A@>, 
which has the property 
W) = (f7 4). 
Then it follows immediately that 
(i) if v  = A,, 
WI G m9 
and 
(ii) if v  = pO , 
WI G Wh 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
for all admissible Qi and Y. The bound in (2.6) is equivalent to a result in 
[2]. Combining these results we have 
Xf, @> - 9, A@> + WP,,) <f - A@,f - A@> 
(2.8) 
< <f, 6) < Xf, Y’> - <y, Ay> + V/h,) <f - Ay,f - AY”). 
For finite pa, the lower bound in (2.8) is better than the corresponding 
classical bound in (2.1). The upper bounds in (2.1) and (2.8) are difficult 
to compare in general, but if Q is a constant, then As > Q and consequently 
the upper bound in (2.8) is better than the corresponding classical bound in 
(2.1). We note that, whereas the classical upper bound in (2.1) requires some 
knowledge of the structure of A as given in (2.2), the upper bound in (2.8) 
does not involve any decomposition of A. 
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